Abstract. A common core of proofs of the classical consistency theorem of Hilbert and Ackermann and Herbrand's theorem concerning validity of existential formulas is extracted.
and substitution axiom schemes only. The list of five rules of inference remains unchanged.
Recall that a formula is open if it does not contain quantifiers and a theory is open if all its nonlogical axioms are open. Here T will always denote an open theory. Recall also that a formula ϕ is a variant of ϕ if it can be obtained from ϕ by bound variable renaming (and ϕ is its own variant), so all variants of a formula share the same free variables.
If a substitution axiom of the form ψ w t → ∃wψ appears in a proof and if ∃wψ is a variant of ∃yψ , then ψ w t is a ψ -instance. Let ψ D denote the disjunction of all ψ -instances from the proof and ψ itself (thus it is never empty). A formula of the form ∃yψ is critical relative to a given T -proof if no other formula of that form, occurring in the proof, has a ∃ -rank greater than (∃yψ) , where the ∃ -rank function is defined inductively: (ϕ) = 0 if ϕ is atomic, (¬ϕ) = (ϕ), (φ ∨ ψ) = max{ (ϕ), (ψ)} and (∃xϕ) = (ϕ) + 1 . Let φ H denote a formula obtained from φ by replacing all occurrences of (all variants of) all critical formulas ∃yψ with the corresponding ψ D .
Proof. We shall use induction on the length of the proof of φ. There remains the case when φ is of the form ∃yψ → θ and is inferred from ψ → θ by the ∃ -introduction rule, (so y , which we can also call critical, is not free in θ ). We have to prove
T (∃yψ)
H → θ H and notice first that T ψ → θ H by induction hypothesis. We can rectify the proof so that if ∃yψ and ∃zϕ are critical formulas which are not variants of each other, then ψ D and ϕ D have no free variables in common and also that these variables differ from critical variables in the proof. With this in mind suppose first that ∃yψ is not critical. Then y is not free in θ H and T ∃yψ → θ H follows by the ∃ -introduction rule. But this is just T φ H , since (∃yψ) H is ∃yψ . So the main case is when ∃yψ is critical and several cases arise depending on the proof of ψ → θ .
First if ψ → θ is a propositional axiom, then θ is ψ and y is not free in ψ , so 
